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The analyses of cracked laminates based on a variational principle and related approaches are appraised
in this paper. The limitations of the existing methodology on the analyses of more general laminate con-
ﬁgurations have been identiﬁed. It has been revealed that the limiting factor is the lack of boundary con-
ditions for uncracked laminae. Natural boundary conditions have then been derived from the variational
principle to meet the need. Such boundary conditions are mathematically sound but cannot be simply
interpreted from the physical construction of the problem intuitively. A well posed boundary value
problem has thus been formulated for laminates containing however many cracked and uncracked
laminae. Appropriate mathematical tools can then be employed to solve the boundary value problem.
The capability of analysing cracked laminates has been enhanced signiﬁcantly, as a result.
 2009 Published by Elsevier Ltd.1. Introduction
The capability of micromechanical stress analysis of a cracked
laminate has played a crucial role in the development of damage
mechanics for laminated composites. Such capability has evolved
over decades to build up in terms of accuracy and versatility, from
ply-discount in early days to shear-lag (Garrett and Bailey, 1977),
variational approach (Hashin, 1985), stress transfer (McCartney,
1992), ﬁnite elements (Herakovich et al., 1988) and ﬁnite strips
(Li et al., 1994). The outcome of such micromechanical stress anal-
yses offer supports to other approaches in damage mechanics, such
as self-consistent approach (Laws et al., 1983) and continuum
damage mechanics (Talreja, 1985, 1996; Li et al., 1998). An effec-
tive, accurate and versatile tool for the analysis of cracked lami-
nates is always in demand for the research of damage behaviour
of laminated composites.
The present paper is to re-examine the variational approach
ﬁrst published by Hashin (1985), which had probably been pre-
ceded (Talreja, 2008) and deﬁnitely succeeded by many attempts,
e.g. Varna and Berglund (1991), Nairn and Hu (1992, 1994) and
Li and Lim (2005), in the endeavour to understand the damage
characteristics of laminated composites. Among this approach,
shear lag and stress transfer, there is a commonality. The mathe-
matical model involves effectively only two layers, one cracked
and one uncracked, representing a three-layered laminate after
the application of symmetry considerations. In some attempts,
the uncracked layer has been generalised to an orthotropic sub-
laminate (Nairn and Hu, 1994) and Li and Lim (2005) in order toElsevier Ltd.
Li).make the model more adaptable. Along the line of these
approaches, no attempt has been found in the literature to extend
the capability to the analysis of laminates with multiple cracked
and uncracked layers, which cannot be simpliﬁed to a two-layer
model using symmetry. For example, for a [0/90/0/90/0] lam-
inate with both 90 plies cracked, one would still be left with three
layers even after the use of mid-plane symmetry. Existing
approaches may ﬁnd difﬁcult to address such a problem without
making rough approximations.
The so-called variational approach, as in Hashin (1985), Nairn
and Hu (1992, 1994), Kuriakose and Talreja (2004), as well as the
analysis to be presented later in this paper, is a semi-variational
approach, in fact, strictly speaking. A variational principle, viz.
the minimum total complementary potential energy principle,
has been employed, not to solve the problem of cracked laminate
analysis completely, but only partially aiming at eliminating the
dependence of the problem on the coordinate in the thickness
direction of the laminate, so that the problem can be reduced to
a one-dimensional boundary value problem dependent only on
one coordinate in the longitudinal direction of the laminate. The
governing ordinary differential equation(s) for the boundary value
problem is obtained as the Euler’s equation(s) from the variational
calculus. The solution of the boundary value problem is indepen-
dent of the variational process, where analytical (when the prob-
lem is simple enough) or numerical (when it exceeds a level of
complexity) methods have to be employed. In general, the more
layers involved, the more equations will emerge. However, the dif-
ﬁculty in existing analyses as boundary value problems is not be-
cause of increased number of ordinary differential equations
involved, which have to be solved. Rather, it is because of the lack
of appropriate boundary conditions to determine the solution
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Interestingly, this fact has never been registered in the literature,
to the best of the authors’ knowledge. This will be elaborated in
the paper to draw a clear borderline to deﬁne the applicability of
the existing approach before the limitation is removed as the core
development of this paper.
In fact, along with Euler’s equation(s), as an outcome of the var-
iation procedure, there also come some boundary conditions,
called natural boundary conditions, in the terminology of varia-
tional calculus. Along with other physical boundary conditions,
they provide a sufﬁcient and necessary set of boundary conditions
for the determination of the solution of the boundary value prob-
lem. The existence of such natural boundary conditions has never
been revealed for this type of problems. As a result, the capability
in this respect has been conﬁned to a level at which the approach
was ﬁrst introduced.
The development as presented in this paper will break this
barrier by supplementing the much needed boundary conditions
from the natural boundary conditions of variational calculus. As
such, the variational approach based analysis of cracked lami-
nates can be formulated as a well posed boundary value problem
mathematically, however many cracked and uncracked laminae
are involved in the laminate. This enhances greatly the capability
of analysing cracked laminates as a part of damage mechanics
endeavour.2. Formulation
The problem will be formulated in the context of a laminate of
an arbitrary layup as sketched in Fig. 1, although the example of
application will be made to a cross-ply laminate in this paper.
More general applications will be published as future develop-
ments when generalised plane strain condition is incorporated.
The coordinate system is in its conventional form for laminate
analysis with the x-axis placed in the geometric mid plane of the
laminate, the y-axis along the other in-plane direction into the
page (not shown in Fig. 1) and the z-axis through the thickness.
The total thickness of the laminate is assumed to be h, assuming
the total number of laminae in the laminate to be n (n = 4 for the
laminate shown in Fig. 1). The laminae involved could be of differ-
ent thicknesses and the z-coordinate of the lth interface, i.e. the one
between the lth and (l+1)th laminae, is denoted as zl, (l = 1,2, . . .,n),
with those for the bottom and top surfaces denoted as z0 and zn,
respectively. The laminate can be subjected to in-plane loading N
and bending moment M, as shown.
The strain–stress relationship can be given as follows, in general
feg ¼ ½Sfrg or ei ¼ Sijrj ði; j ¼ 1—6Þ ð1Þ
For a 2D problem in the x–z-planea a
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where Sij can be expressed in terms of material’s engineering elastic
constants depending on the stress state, plane stress or plane strain.
When an elastic body is loaded before damage takes place, the
stresses in it are assumed to be ri which can be obtained from a
simple analysis using the classic laminate theory. Upon the emer-
gence of damage in it, under the same loading, the stresses acquire
a perturbation r^i from ri and the total stresses become
ri ¼ ri þ r^i ði ¼ 1;3;5Þ ð3Þ
The complementary strain energy is obtained
U ¼ 1
2
Z
X
Sijrirj dX ¼ U þ 2Um þ bU ð4Þ
where U ¼ 12
R
X Sij ri rj dX
Um ¼
Z
X
Sij rir^j dX
bU ¼ 1
2
Z
X
Sijr^ir^j dX
ð5Þ
Hashin (1985) went through a lengthy proof that Um vanishes. This
is in fact a direct consequence of the virtual work principle and a
proof is hardly necessary. Thus
U ¼ U þ bU ð6Þ
It is assumed that the cracks developed in the laminate are trans-
verse to the plane of the laminate across the full width of the lam-
inate in the y-direction as shown in Fig. 1 as a cross-section
perpendicular to the y-axis. The cracks are uniformly spaced 2a
apart in the x-direction. The stresses in each lamina are
rðlÞi ¼ rðlÞi þ r^ðlÞi l ¼ 1;2; . . . ; n ð7Þ
or rðlÞxx ¼ rðlÞxx þ r^ðlÞxx
rðlÞzz ¼ r^ðlÞzz
rðlÞxz ¼ r^ðlÞxz
ð8Þ
Denote the in-plane direct stress in the x-direction in the lth lamina
of the laminate before cracking
rðlÞxx ¼ rl l ¼ 1;2; . . . ;n ð9Þ
and assume that the perturbation to this stress is a function of x
only, i.e.
r^ðlÞxx ¼ rl/lðxÞ; l ¼ 1;2; . . . ;n ð10Þ
where /l is an unknown function to be determined (l = 1,2, . . .,n).
For the perturbation stress as assumed in (10) to be admissible
for its use in the minimum total complementary potential energy
principle, aiming to eliminate the z-coordinate from the problem
(it can be understood as the variation principle is only applied in
the z dimension), perturbation stresses r^ðlÞxz and r^ðlÞzz , along with
r^ðlÞxx , have to satisfy all equilibrium conditions involving coordinate
z, including equilibrium equations and traction boundary
conditions.
The equilibrium equations for perturbation stresses r^ðlÞi can be
obtained as follows. The total stresses rðlÞi in cracked laminate as
given in (7) satisfy equilibrium equations of elasticity. Since stres-
ses before cracking, rðlÞi , as a part of the total stresses after cracking,
satisfy these equations, the perturbation stresses as the remaining
part of the total stresses after cracking also have to satisfy them, i.e.
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ox
þ or^
ðlÞ
xz
oz
¼ 0 and or^
ðlÞ
xz
ox
þ or^
ðlÞ
zz
oz
¼ 0 ð11Þ
The perturbation transverse shear and direct stresses r^ðlÞxz and r^ðlÞzz can
then be expressed in terms of /l from (11) for the lth lamina as
r^ðlÞxz ¼ rl /0lðxÞzþ flðxÞ
 
and r^ðlÞzz ¼ rl
1
2
/00l ðxÞz2 þ f 0l ðxÞzþ glðxÞ
 
l ¼ 1;2; . . . ;n ð12Þ
where fl and gl are integration functions. Having satisﬁed equilib-
rium equations, for stresses as obtained above to be admissible,
they have to satisfy also the following traction boundary conditions
and interlaminar continuity conditions.
(1) The bottom surface (at z = z0) is traction free, i.e.
rð1Þzz ðx; z0Þ ¼ rð1Þxz ðx; z0Þ ¼ 0 ð13Þ
(2) Transverse direct and shear stresses are continuous across
the lth interface (at z = zl), i.e.
rðlÞzz ðx; zlÞ ¼ rðlþ1Þzz ðx; zlÞ and rðlÞxz ðx; zlÞ ¼ rðlþ1Þxz ðx; zlÞ;
l ¼ 1;2; . . . ;n 1 ð14Þ
(3) The top surface (at z = zn) is traction free, i.e.
rðnÞzz ðx; znÞ ¼ rðnÞxz ðx; znÞ ¼ 0 ð15Þ
Imposition of (13) and (14) provides the sufﬁcient conditions to
determine integration functions fl and gl as in (12). After determin-
ing these integration functions, the perturbation stresses can be
expressed as follows:
r^ðlÞxx ¼ rl/lðxÞ
r^ðlÞzz ¼
Xl1
j¼1
ðzj  zj1Þ 12 ðzj þ zj1Þ  z
 
rj/00j ðxÞ
 1
2
ðz zl1Þ2rl/00l ðxÞ ðl ¼ 1;2; . . . ;nÞ
r^ðlÞxz ¼
Xl1
j¼1
ðzj  zj1Þrj/0jðxÞ þ ðz zl1Þrl/0lðxÞ
ð16Þ
where the summation terms will be taken as zero when the upper
limit becomes zero (when l = 1). It can be veriﬁed that the above
stresses satisfy equilibrium equation (11) and the traction free con-
ditions on the bottom surface (13). Interlaminar stresses
rðlÞxz and rðlÞzz are continuous across the interfaces as given in (14).
They are still subject to the top surface traction free conditions
(15) before they become admissible for the application of the min-
imum total complementary potential energy principle. Using (16),
the transverse stresses on the top surface of the laminate can be gi-
ven as
rðnÞxz ðx; znÞ ¼ r^ðnÞxz ðx; znÞ ¼
Xn
l¼1
ðzl  zl1Þrl/0lðxÞ
rðnÞzz ðx; znÞ ¼ r^ðnÞzz ðx; znÞ ¼ 
Xn
l¼1
ðzl  zl1Þ zn  12 ðzl þ zl1Þ
 
rl/00l ðxÞ
ð17Þ
where use has been made of
1
2
ðzn  zn1Þ2 ¼ ðzn  zn1Þ12 ðzn  zn1Þ
¼ ðzn  zn1Þ 12 ðzn þ zn1Þ  zn
 
ð18Þ
Given the expressions of the transverse stresses in (17), it can be
seen that the traction free conditions (15) may not always besatisﬁed. For instance, in a two-layered asymmetric [0/90] lami-
nate, the satisfaction of these conditions would require that /l be
a linear function of x (with vanishing 2nd order derivative). This
would conﬂict with the physical boundary conditions for /l as will
be presented later. This draws a limit of the applicability of any ap-
proach in which rðlÞxx is assumed to remain constant in the z-direc-
tion in each lamina. Conditions (15) apply to laminates having at
least three laminae and the simplest case is, of course, a symmetric
three-layered laminate as the one addressed by Hashin (1985).
For laminates which fall into the applicable category, conditions
(15) are not satisﬁed automatically. However, they are interestingly
related to two global equilibrium conditions. The perturbation
membrane force bN and bending moment about the y-axis bM are
bN ¼ Xn
l¼1
ðzl  zl1Þrl/lðxÞ and bM ¼ 12Xn
l¼1
z2l  z2l1
 
rl/lðxÞ
ð19Þ
Using (17) and (19) above, the transverse stresses on the top surface
can be expressed in terms of bN and bM as follows:
rðnÞxz ðx; znÞ ¼
Xn
l¼1
ðzl  zl1Þrl/0lðxÞ ¼ 
dbN
dx
rðnÞzz ðx; znÞ ¼ 
Xn
l¼1
rl/00l ðxÞðzl  zl1Þ zn 
1
2
ðzl þ zl1Þ
 
¼ zn d
2 bN
dx2
 d
2 bM
dx2
ð20Þ
The traction free conditions on the top surface of the laminate (15)
are therefore implied by the condition that the derivatives ofbN and bM with respect to x vanish.
As a special case, if the load is so applied that N and M are kept
constant as cracks appear in the laminate and hence bN and bM both
vanish, i.e.
bN ¼ Xn
l¼1
ðzl  zl1Þrl/lðxÞ ¼
Xn
l¼1
Hl/l ¼ 0
bM ¼ 1
2
Xn
l¼1
z2l  z2l1
 
rl/lðxÞ ¼
Xn
l¼1
Rl/l ¼ 0
ð21Þ
where
Hl ¼ ðzl  zl1Þrl and Rl ¼ 12 z
2
l  z2l1
 
rl ðl ¼ 1;2; . . . ;nÞ
ð22Þ
the traction free conditions on the top surface are implied. To im-
pose conditions (21) in order to make stresses in (16) admissible,
two of the unknowns from /l (l = 1,2, . . .,n) can be eliminated using
(21). It should be pointed out that (21) as alternatives of (15) are
subjected to the same restriction that there should be more than
two laminae in the laminate as discussed in the paragraph follow-
ing Eq. (18).
In the case where a symmetric laminate is under symmetric
loading, the moment condition given in (21) is satisﬁed automati-
cally for the whole laminate. When a half of the laminate is ana-
lysed as in Hashin (1985), this condition should not be imposed,
as it will not be satisﬁed by the half laminate. To take advantage
of the symmetry in the present formulation, it is convenient to take
the bottom half of the laminate for analysis. On the top surface of
the half laminate, i.e. the plane of symmetry, when symmetry con-
dition is imposed, it requires
rxz ¼ 0 and w ¼ 0 ð23Þ
where w is the displacement in the z direction. For applications of
the total complementary potential energy principle, displacement
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be satisﬁed by the energy minimisation process and should not be
imposed. Thus, the symmetry conditions can be completely repre-
sented by the traction boundary conditions alone, i.e. the essential
boundary conditions. In the particular case here, it is the ﬁrst con-
dition in (23) above that should be satisﬁed a priori, in order to im-
pose the symmetry conditions while keeping stress ﬁeld admissible.
In other words, if the condition bM ¼ 0 in (21) is left alone (as it has
been satisﬁed automatically) and only bN ¼ 0 in (21) is imposed
(equivalent to rxz = 0 on the top surface of the half laminate) to
eliminate one unknown from /l (l = 1,2, . . .,n), the symmetry about
the top surface will be guaranteed.
For asymmetric laminates with n (>2) laminae, it can be seen
that out of a set of n unknowns /l, (l = 1,2, . . .,n), two can be elim-
inated using (21). For symmetric laminates with n (>1) laminae in
the symmetric half laminate under symmetric loading, one out of n
unknowns /l (l = 1,2, . . .,n) can be eliminated using the ﬁrst of (21).
The remaining unknowns will be denoted as {/} hereafter in this
paper and they are the independent unknown functions for the
mathematical formulation of the problem. A lamina corresponding
to an independent unknown function will be referred to as an
‘independent lamina’.
The total complementary potential energy is deﬁned as the sum
of the complementary strain energy as given in (6) and the potential
of prescribed displacements. For the present problem of cracked
laminate analysis, the latter is absent and hence C = U. In general
C ¼ Cþ bC ð24Þ
where C is the total complementary potential energy before crack-
ing which does not contribute to the variation, and
bC ¼ Z a
a
Fðx; f/g; f/0g; f/0gÞdx ð25Þ
where
Fðx; f/g; f/0g; f/00gÞ ¼ f/gT ½C00f/g þ 2f/gT ½C01f/0g
þ 2f/gT ½C02f/00g þ f/0gT ½C11f/0g
þ 2f/0gT ½C12f/00g þ f/00gT ½C22f/00g ð26Þ
Coefﬁcient matrices [C00], etc., with the superscripts corresponding
to the orders of derivatives of {/} involved (e.g. [C12] is associated
with {/0} and {/0 0}), can be evaluated systematically if mathematical
software, such as Matlab, is employed. {/} = {/(x)} is a vector con-
taining all independent unknown functions to be determined.
When a variation is taken for the total complementary potential
energy, the stationary value condition,dC = 0, leads to the Euler’s
equations as the governing equations for the problem as follows.
oF
of/g 
d
dx
oF
of/0g þ
d2
dx2
oF
of/00g ¼ 0
or ½A4f/0000ðxÞg þ ½A3f/000ðxÞg þ ½A2f/00ðxÞg þ ½A1f/0ðxÞg þ ½A0f/ðxÞg ¼ 0
ð27Þ
where
½A4 ¼ ½C22; ½A3 ¼ ½C12T  ½C12;
½A2 ¼ ½C02T þ ½C02  ½C11; ½A1 ¼ ½C01  ½C01T ;
½A0 ¼ ½C00 ð28Þ
The presence of terms of odd orders of derivatives in (27) is associ-
ated with the presence of off-axis laminae. They disappear for cross-
ply laminates. These terms of odd orders of derivatives introduce a
restriction on the analytical solutions if they are desirable.The governing equation (27) are fourth-order ordinary differen-
tial equations. The characteristic equation is obtained from the
determinant of the coefﬁcient matrix of a set of linear algebraic
equations. In theory, it is feasible to solve a single fourth-order
algebraic equation analytically as the limit case, since closed form
solution for an algebraic equation of an order higher than fourth is
not available in general. If one seeks analytical solutions, the limit
would be a single fourth-order differential equation in (27) in pres-
ence of odd order derivatives or two in absence of odd order deriv-
atives. This implies that there can only be a single independent
lamina in the laminate if it contains off-axis laminae, or two if
the laminate is cross-ply, in general. Hashin’s analysis (1985) was
a case with one independent lamina in a cross-ply laminate, for
which all coefﬁcient matrices in (27) will reduce to a single ele-
ment, reproducing the governing equation as in Hashin (1985).
If one is prepared to deal with a set of simultaneous ordinary
differential equations, with help of an appropriate numerical
method, the generalisation of the problem in this respect is
straightforward, as presented above. As far as the governing equa-
tions are concerned, there will be no restriction on the applicability
of the analysis in terms of the number of laminae in the laminate,
cracked and uncracked, as long as there are more than two.
However, the mathematical problem associated with these or-
dinary differential equations is a boundary value problem. Bound-
ary conditions are required in order to determine the solution. A
shortage will be identiﬁed as will be revealed in the next section.3. Physical boundary conditions
To determine the solution for (27), four boundary conditions are
required for each independent unknown, in general, given the or-
der of the governing equations. If an independent unknown corre-
sponds to a cracked lamina, there are four boundary conditions
readily available, i.e.
rxxða; zÞ ¼ rxzða; zÞ ¼ 0 ð29Þ
However, for an uncracked lamina, the physical conditions available
in the problem can only produce three boundary conditions. Take
the transverse shear stress rxz from the free body diagram as shown
in Fig. 2, to start with. The continuity consideration leads to
r1xz ¼ r2xz and r3xz ¼ r4xz ð30Þ
while the periodic condition or translational symmetry requires
r1xz ¼ r3xz and r2xz ¼ r4xz ð31Þ
Thus
r2xz ¼ r3xz or rxzðþa; zÞ ¼ rxzða; zÞ ð32Þ
The same argument applies to the direct stress, leading to the fol-
lowing boundary condition
rxxðþa; zÞ ¼ rxxða; zÞ ð33Þ
There is another boundary condition which can be obtained from
the rotational symmetry about the vertical central axis. This sym-
metry is always present in the laminate, cracked or not, in general
(Li and Reid, 1992). It is also observed by the loading condition as
long as the loads the laminate is subjected to can be expressed in
terms of generalised stresses (membrane forces and moments) as
deﬁned in the classic laminate theory. The rotational symmetry
on rxx yields the same condition (33). However, for rxz, as it is anti-
symmetric under this particular symmetry transformation, this
symmetry requires
r2xz ¼ r3xz ð34Þ
σxz
1 σxz
2 σxz
3
σ xz
4 
σxx
4
σ xx
3σ xx
1 σxx
2
Fig. 2. Transverse shear stresses at the boundary of an uncracked lamina.
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can be given as
r2xz ¼ r3xz ¼ 0 or rxzðþa; zÞ ¼ rxzða; zÞ ¼ 0 ð35Þ
With (29) for cracked laminae and (35) for uncracked laminae, it
can be seen that the transverse shear stress at x = ±a vanishes in
all laminae of the laminate, cracked and uncracked. This results in
the fact that the ﬁrst order derivative of /l vanishes at x = ±a for
every lamina, given the expression of rxz as in (16).
Using (16), the boundary conditions in terms of stresses as ob-
tained above can be expressed in terms of /. They are summarised
below. For each cracked lamina, the conditions in (29) give four
boundary conditions as follows.
/iðaÞ ¼ 1 and /0iðaÞ ¼ 0 ð36Þ
For an uncracked lamina, (33) and (35) together give three bound-
ary conditions as follows:
/iðþaÞ  /iðaÞ ¼ 0
/0iðþaÞ ¼ /0iðaÞ ¼ 0
ð37Þ
the ﬁrst condition in (37) being in form of equation.
The physical construction of the problem itself does not offer
any more boundary condition without resorting to displacements.
As a result, there will not be sufﬁcient boundary conditions directly
from the physical conditions. In McCartney (1992), a displacement
boundary condition was introduced. If displacements were intro-
duced into the formulation with one displacement boundary con-
dition at one boundary, it would not be sufﬁcient as it would be
consumed in order to determine displacements themselves. In a
stress-based approach, as is the case here, displacements are not
involved, and one has to ﬁnd an extra boundary condition in terms
of stresses for each independent uncracked lamina before the solu-
tion can be determined.
If all the uncracked laminae can be eliminated using (21), one
does not have to worry about the lack of boundary conditions, as
in Hashin (1985), Nairn and Hu (1992, 1994). In Kuriakose and
Talreja (2004), an assumption that the stresses in the uncracked
lamina not immediately next to the cracked lamina are not af-
fected by the presence of the cracks in the cracked lamina was
introduced to avoid this deﬁciency. Without supplying an extra
boundary condition for an uncracked lamina, the applicability
of all existing approaches in the literature, except those displace-
ment-based ones, such as ﬁnite strips (Li et al., 1994) and ﬁnite
elements, will be limited to cases having maximum of two un-
cracked laminae. The unknowns associated with them can be
eliminated using (21). Such applicability has been summarised
graphically in Fig. 3, where most laminates sketched are asym-
metric deliberately and their symmetric counterparts, where
appropriate, are special cases of them without affecting the con-
clusions drawn.
For any laminate having more than two uncracked laminae,
an extension is required in terms of boundary conditions. It is
clear now that the limiting factor for applications of the cracked
laminate analysis as originally proposed (Hashin, 1985) to more
general forms of laminates does not result from the number of
cracked laminae but the number of uncracked laminae. Unlessall uncracked laminae are eliminated using (21), there is a short-
fall of one boundary condition for each independent uncracked
lamina. It will be shown in the next section that the fourth
boundary condition can be obtained mathematically from the
variational calculus itself in terms of natural boundary
conditions.
4. Derivation of natural boundary conditions
As Euler’s equations are derived using variational calculus,
terms also emerge which take their values at boundaries result-
ing from steps of integration by parts. For the variation of the
functional to vanish so that the functional takes its stationary
value, these terms must also vanish. This leads to boundary con-
ditions, called natural boundary conditions in variational princi-
ples. For the current problem with the functional given in (24),
the natural boundary conditions obtained directly from the var-
iational calculus are
oF
of/0g 
d
dx
oF
of/0g
 T
fd/g
" #x¼þa
x¼a
¼ 0 ð38Þ
The left-hand side of the above equation, denoted as ½XYx¼þax¼a as
abbreviation, can be manipulated following Li (2009)
½XY x¼þax¼a ¼ XþaYþa  XaYa
¼ 1
2
ðXþa  XaÞðYþa þ YaÞ þ 12 ðXþa þ XaÞðYþa  YaÞ
ð39Þ
Since Y+a  Ya = {d/}+a  {d/}a = 0, according to (37)
½XY x¼þax¼a ¼
1
2
ðXþa  XaÞðYþa þ YaÞ
¼ 1
2
oF
of/0g 
d
dx
oF
of/00g
 
þa
 oF
of/0g 
d
dx
oF
of/00g
 
a
 T
 ðfd/gþa þ fd/gaÞ ð40Þ
As {d/}+a + {d/}a represent variations of {/}+a + {/}a, which are
arbitrary for uncracked laminae but vanish for cracked ones, for
the above expression to vanish, one must have the following as
the natural boundary conditions for the uncracked laminae
oF
of/0g 
d
dx
oF
of/00g
 
þa
 oF
of/0g 
d
dx
oF
of/00g
 
a
¼ 0 ð41Þ
Given F as expressed in (26), the natural boundary conditions in
(41) can be obtained as
½B2ðf/00ðþaÞg  f/00ðaÞgÞ þ ½B3ðf/000ðþaÞg  f/000ðaÞgÞ ¼ 0 ð42Þ
where
½B2 ¼ ½C12  ½C12T and ½B3 ¼ ½C22 ð43Þ
In obtaining (42), use has been made of physical boundary
conditions (37) and terms with a factor of {/(+a)}  {/(a)} or
{/0(+a)}  {/0(a)} have been dropped. [B2] is associated with off-
axis laminae and it disappears for cross-ply laminates. Apparently,
(42) applies only to independent uncracked laminae.
All applicable cases 
 
A single governing equation   Multiple governing equations 
Examples of inapplicable cases 
Too few laminae 
Too many uncracked laminae 
Fig. 3. Applicability of conventional cracked laminate analysis methods.
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boundary conditions, i.e. four for each uncracked lamina, except
those which have been eliminated using conditions (21). The above
boundary conditions are obtained as a part of variational process
and hence mathematically rigorous. The physical meaning is, how-
ever, not obvious. It is therefore not easily obtainable from one’s
intuition based on physical appearance of the laminate.
The natural boundary conditions as expressed in (42) are a con-
sequence of variational principle, which have never been obtained
elsewhere before in the literature of cracked laminate analyses.
This variational problem is slightly unconventional as some of
the essential boundary conditions for {/} are in equation form as
in (37). An earlier account on a similar problem but in the contexta 
Crack 
surface 
N z
l=3
l=2
l=1
C L 
Fig. 4. [0p/90q/0r]s laminate (half) with bothof unit cells for micromechanical FE analysis can be found in Li
(submitted for publication).5. Example
Consider a [0p/90q/0r]s laminate with both 90 plies cracked
under uniaxial tension as shown in Fig. 4, where only a
symmetric half is shown and the analysis will be made on the
bottom half of the laminate. In what follows, the orthotropy of
all laminae involved in the laminate coordinate system will be
assumed.
The compliance matrix as employed in (2) can be given asa 
z3 
 
 
z2 
 
 
 
 
z1 
 
z0 
h/2 
x 
90 plies cracked under uniaxial tension.
S. Li, F. Hafeez / International Journal of Solids and Structures 46 (2009) 3505–3515 3511½SðlÞ ¼
SðlÞ11 S
ðlÞ
13 S
ðlÞ
15
SðlÞ13 S
ðlÞ
33 S
ðlÞ
35
SðlÞ15 S
ðlÞ
35 S
ðlÞ
55
2664
3775 ¼
1mðlÞxymðlÞyx
EðlÞx
 m
ðlÞ
xzþmðlÞxymðlÞzy
EðlÞx
0
 m
ðlÞ
xzþm
ðlÞ
xym
ðlÞ
zy
EðlÞx
1mðlÞyzm
ðlÞ
zy
EðlÞz
0
0 0 1
GðlÞxz
2666664
3777775
ðfor plane strain in x—z-planeÞ
1
EðlÞx
 m
ðlÞ
zx
EðlÞz
0
 m
ðlÞ
xz
EðlÞx
1
EðlÞz
0
0 0 1
GðlÞxz
2666664
3777775
ðfor plane stress in x—z-planeÞ:
8>>>>>>>>>>>><>>>>>>>>>>>>:
ð44ÞAlthough the differences between plane strain and plane stress are
only associated with Poisson ratios, they are not always insigniﬁ-
cant. For instance, in a transversely isotropic lamina as a 0 ply,
mðlÞxz ¼ mðlÞxy . A typical value of mðlÞzy ¼ mðlÞyz is around 0.4 for many types
of UD composites. One can see a difference of 40% in the expression
of SðlÞ13. While the difference in S
ðlÞ
11 could be negligible, S
ðlÞ
33 could expe-
rience a disparity of 16%.
It should be pointed out that, although either plane strain or
plane stress can be used to make mathematical sense and the
plane stress formula has been commonly followed in the litera-
ture, given the fact that the ﬁrst account produced by Hashin
(1985) adopted plane stress, it is, however, by no means the
most reasonable choice. A plane stress state is realised when
the laminate is inﬁnitely narrow in the y-direction while plane
strain corresponds to the opposite, i.e. inﬁnitely wide in the
y-direction. One may argue that neither is realistic. However,
the latter can be reasonably achieved with appropriate length
and constraints in the y-direction, while the former simply does
not have any realistic signiﬁcance for applications in laminated
composites. One argument for plane stress might be that it
sometime produces results falling between plane strain and gen-
eralised plane strain (Li and Lim, 2005). More likely, it might
have been employed because of the simplicity of the compliance
matrix. Nevertheless, none of these would serve as a good en-
ough justiﬁcation for using plane stress in this context. The most
relevant idealisation would be a generalised plane strain state
with zero membrane force in the y-direction (Li and Lim,
2005), which will be pursued in future.
The laminar stresses in the present laminate can be found as
r^ð1Þxx ¼ r1/1ðxÞ
r^ð1Þzz ¼ 
1
2
ðz z0Þ2r1/001ðxÞ
r^ð1Þxz ¼ ðz z0Þr1/01ðxÞ
r^ð2Þxx ¼ r2/2ðxÞ
r^ð2Þzz ¼ ðz1  z0Þ
1
2
ðz1 þ z1Þ  z
 
r1/001ðxÞ 
1
2
ðz z1Þ2r2/002ðxÞ
r^ð2Þxz ¼ ðz1  z0Þr1/01ðxÞ þ ðz z1Þr2/02ðxÞ
r^ð3Þxx ¼ r3/3ðxÞ
r^ð3Þzz ¼ ðz1  z0Þ
1
2
ðz1 þ z0Þ  z
 
r1/001ðxÞ
þ ðz2  z1Þ 12 ðz2 þ z1Þ  z
 
r2/002ðxÞ 
1
2
ðz z2Þ2r3/003ðxÞ
r^ð3Þxz ¼ ðz1  z0Þr1/01ðxÞ þ ðz2  z1Þr2/02ðxÞ þ ðz z2Þr3/03ðxÞ
ð45Þ
The ﬁrst condition of (21) becomesbN ¼ ðz1  z0Þr1/1ðxÞ þ ðz2  z1Þr2/2ðxÞ þ ðz3  z2Þr3/3ðxÞ ¼ 0
ð46Þ
which results in
r3/3ðxÞ ¼ 
z1  z0
z3  z2 r1/1ðxÞ 
z2  z1
z3  z2 r2/2ðxÞ ð47Þ
With the second condition of (21) left out, the symmetry of the lam-
inate has been fulﬁlled, as discussed earlier. The perturbation stres-
ses in lamina 3 can also be expressed in terms of /1 and /2 only.
r^ð3Þxx ¼ 
z1  z0
z3  z2 r1/1ðxÞ 
z2  z1
z3  z2 r2/2ðxÞ
r^ð3Þzz ¼
1
2
ðz1 þ z0  2zÞ þ ðz z2Þ
2
z3  z2
 !
ðz1  z0Þr1/001ðxÞ
þ 1
2
ðz2 þ z1  2zÞ þ ðz z2Þ
2
z3  z2
 !
ðz2  z1Þr2/002ðxÞ
r^ð3Þxz ¼
z3  z
z3  z2 ðz1  z0Þr1/
0
1ðxÞ þ
z3  z
z3  z2 ðz2  z1Þr2/
0
2ðxÞ
ð48Þ
The complementary strain energy density in each lamina is ob-
tained as follows:
EðlÞ ¼ EðlÞ þ bEðlÞ ð49Þ
where
EðlÞ ¼ 1
2
SðlÞ11 r
ðlÞ
xx
 2 þ 2SðlÞ13 rðlÞxx rðlÞzz þ SðlÞ33 rðlÞzz 2 þ SðlÞ55 rðlÞxz 2 	
bEðlÞ ¼ 1
2
SðlÞ11 r^
ðlÞ
xx
 2 þ 2SðlÞ13r^ð1Þxx r^ðlÞzz þ SðlÞ33 r^ðlÞzz 2 þ SðlÞ55 r^ðlÞxz 2 	 ð50Þ
The total complementary potential energy in the cracked laminate
is given as
C ¼ Cþ bC ð51Þ
where
C ¼
Z a
a
Z z1
z0
Eð1Þ dzþ
Z z2
z1
Eð2Þdzþ
Z z3
z2
Eð3Þdz
 
dx
bC ¼ Z a
a
Z z1
z0
bEð1Þ dzþ Z z2
z1
bEð2Þ dzþ Z z3
z2
bEð3Þdz dx
¼
Z a
a
F x;/1;/
0
1;/
00
1;/2;/
0
2;/
00
2
 
dx
ð52Þ
F x;/1;/
0
1;/
00
1;/2;/
0
2;/
00
2
  ¼ C0011/21 þ 2C0211/1/001 þ C2211 /001 2
þ C1111 /01
 2 þ C0022/22 þ 2C0222/2/002
þ C2222 /002
 2 þ C1122 /02 2
þ 2C0012/1/2 þ 2C0212/1/002
þ 2C2012/001/2 þ 2C2212/001/002
þ 2C1112/01/02 ð53Þ
The superscripts to the coefﬁcients C indicate the orders of deriva-
tives, as those in (26). The subscripts are associatedwith the involve-
ment of /1 and /2, indicating the location of the element in the [C]
matrices as in (26). They are completely determined by the material
properties, laminar thicknesses and laminar stresses before crack-
ing, as provided in the Appendix A. A more systematic way of eval-
uating them will be addressed in future when the formulation is
extended to more general scenarios. Due to the cross-ply layup of
the laminate, there are no terms of odd orders of derivatives in-
volved in (53), such as/1/
0
1 and /
0
1/
00
2. These termswould be present
for laminates of arbitrary layup and they would make analytical
solution impossible, in general, for the present problem.
dC = 0 leads to Euler’s equations as follows
Nondimensional x-coordinate from crack to crack
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xx along the mid plane of the cracked lamina (90 deg) 
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zz along the mid plane of the cracked lamina (90 deg)
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xz along the interface with the outer uncracked lamina (0 deg) 
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xx along the mid plane of the cracked lamina (90 deg) --- Hashin
σ
zz along the mid plane of the cracked lamina (90 deg) --- Hashin
τ
xz along the interface between the cracked (90 deg) and uncracked lamina (0 deg) --- Hashin
Fig. 5. Comparison between the results from [0/902/0]s laminate and [0/902/0]
laminate.
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o/l
 d
dx
oF
o/0l
þ d
2
dx2
oF
o/00l
¼ 0 ðl ¼ 1;2Þ ð54Þ
which give rise to two ordinary differential equations, the govern-
ing equations for the problem. Given in an explicit form, they are
C2211/
0000
1 þ 2C0211  C1111
 	
/001 þ C0011/1 þ C2212/00002
þ C0212 þ C2012  C1112
 	
/002 þ C0012/2 ¼ 0
C2212/
0000
1 þ C0212 þ C2012  C1112
 	
/001 þ C0012/1 þ C2222/00002
þ 2C0222  C1122
 	
/002 þ C0022/2 ¼ 0
ð55Þ
The characteristic equation is
C2211k
4þ 2C0211C1111
 	
k2þC0011 C2212k4þ C0212þC2012C1112
 	
k2þC0012
C2212k
4þ C0212þC2012C1112
 	
k2þC0012 C2222k4þ 2C0222C1122
 	
k2þC0022















¼0
ð56Þ
Notice the even orders of the powers of k, a fourth order algebraic
equation of k2 can be obtained which is solvable analytically to de-
liver 4 roots which may not always be real. In case of a complex
root, it is always accompanied by its conjugate due to the fact that
all coefﬁcients of the equation are real. In theory, it is feasible to ob-
tain all roots analytical for (56) as the limit case, since algebraic
equations of orders higher than 4 cannot be solved analytically in
general. The analytical expressions for these roots are excessively
lengthy and hence do not carry much merit to be presented here.
Practically, numerical methods will be employed from this point
on. Taking square root of the four roots obtained, eight characteris-
tic roots become available for the construction of either /1 or /2.
Taking /1 for example, it will be given as
/1ðxÞ ¼
X8
i¼1
Ciekix ð57Þ
For complex roots, the terms associated with a conjugating pair can
be expressed in term of products of exponential and harmonic func-
tions to avoid the appearance of imaginary numbers in the expres-
sion. When repeated roots are present, the form of the solution
needs to be modiﬁed a little to accommodate them. These are all
standard treatments in ordinary differential equations and hence
not described in details here.
To determine /2 from /1, the derivative terms of /2 in the gov-
erning equation (55) can be eliminated, raising the order of deriv-
atives of /1 as appropriate. During the process, various coefﬁcients
may be used as the denominators for the eliminations and they
cannot be zero. This has to be checked in practice case by case.
/2 can be ultimately expressed in terms of /1 as
/2 ¼ H6/0000001 þ H4/00001 þ H2/001 þ H0/1 ð58Þ
where Hj (j = 0, 2, 4, 6) have been given in the Appendix A. Appar-
ently, /1 and /2 share the same set of integration constants, Ci
(i = 1–8), which require eight boundary conditions to determine.
From (37), the physical (essential) boundary conditions in this
case for lamina 1 (uncracked) are
/1ðþaÞ  /1ðaÞ ¼ 0 and /01ðþaÞ ¼ /01ðaÞ ¼ 0 ð59Þ
They are supplemented with a natural boundary condition, follow-
ing (43)
C2211 /
000
1 ðþaÞ  /0001 ðaÞ
 þ C2212 /0002 ðþaÞ  /0002 ðaÞ  ¼ 0 ð60Þ
This natural boundary condition as presented here is applicable to
laminates of cross-ply layup. If off-axis plies are involved in the
laminate, as the theoretical framework presented in this paperapplies, the natural boundary condition will also involve second or-
der derivative terms along with the third order terms as in (61).
From (36), the physical boundary conditions for lamina 2
(cracked) are
/2ðþaÞ ¼ /2ðaÞ ¼ 1 and /02ðþaÞ ¼ /02ðaÞ ¼ 0 ð61Þ
They are sufﬁcient as the contribution from a lamina. After substi-
tuting /1 and /2 into the above 8 boundary conditions, 8 simulta-
neous linear algebraic equations can be obtained for the eight
integration constants which can thus be determined to give an ex-
plicit solution to /1 according to (57). Once /1 has been determined,
(58) can be employed to determine /2. Stresses in the laminate can
then be obtained from (45) for laminae 1 and 2 and from (48) for
lamina 3. Practically, results are obtained numerically following
the procedure as described above.
For comparison, reference is drawn to the case of [0/902/0]
laminatepresented inHashin (1985). Thepresent theory reproduces
Hashin’s result (1985) if the plane stress compliances are used. To
introduce a case as close to this as possible but beyond applicability
of the original approach in Hashin (1985), the same laminate is dou-
bled in layup to give a [0/902/0]s symmetric laminate with every-
thing else remaining the same as in Hashin (1985), i.e. the ply
thickness is 0.203mm, the crack spacing 2a = 0.406mm and the
material properties are E1 = 208.3 GPa, E2 = E3 = 6.5 GPa,
G12 = 1.65 GPa, m12 = 0.255 and m23 = 0.413. Given the transverse
isotropy of the material of the laminae, other properties, if needed,
can be derived from these. Plane strain is assumed. For comparison
purposes, Hashin’s results have also been reproduced under plane
strain condition. The results are presented graphically below.
Stresses at several typical locations are plotted in Fig. 5 (present
results in black) and compared with those from the case of
[0/902/0] as obtained based on Hashin (1985) (in grey). They
have all been normalised with respect to the direct stress in the
x-direction in the 90 lamina before cracking, which is obtained
from the classic laminate theory. Most of the features and trends
as obtained from Hashin’s (1985) analysis are observed here, e.g.
the distributions of rxx in the cracked lamina and rxz at the inter-
face between the cracked and uncracked laminae. The most pro-
nounced difference is in the magnitude of the transverse direct
stress rzz along the mid plane of the cracked lamina, where the
present result shows a signiﬁcant reduction.
To highlight the differences, the transverse shear stress rxz
along the mid plane of the cracked lamina and the transverse direct
stress rzzon the mid plane of the central 02 lamina, i.e. the plane of
Nondimensional coordinate from crack to crack
-2 -1 0 1 2
N
or
m
al
ise
d 
str
es
se
s
-0.5
0.0
0.5
1.0
τ
xz along the mid plane of the cracked lamina (90 deg)
σ
zz along the mid plane of the laminate (in the inner 0 deg lamina)
Fig. 6. Stresses in [0/902/0]s in contrast with the behaviour of the [0/902/0]
laminate.
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layup not been doubled, these stresses would both vanish identi-
cally. The transverse shear stress rxz along the mid plane of the
cracked lamina does not vanish here, although it is relatively small
in magnitude. This implies that within the half laminate, the stress
distributions are no longer symmetric about the mid plane of the
half laminate, even though the layup of the half laminate possesses
such symmetry. The mid plane of the central 02 lamina corre-
sponds to the top surface of the [0/902/0] laminate in Hashin’s
case (1985) where it was a free surface and hence rzz vanished
identically. It is not a free surface here anymore. This suggests that
half of a [0/902/0]s laminate do not behave in the same way as a
[0/902/0] laminate, even though it would according to the classic
laminate theory, had the laminate not cracked.
To reveal the different contributions from inner and outer un-
cracked layers, percentage variations from Hashin’s result (1985)
in axial stress rxx in these two layers (relative to the same stress
obtained from virgin counterpart)
rð1Þpresentxx  rðuncrackedÞHashinxx
r1
 100%
and
rð3Þpresentxx  rðuncrackedÞHashinxx
r3
 100% ð62ÞNondimensional coordinate from crack to crack
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Fig. 7. Relative axial stresses in all laminae.have been plotted in Fig. 7. In the virgin laminate, these two lami-
nae take equal share of stress according to the classic laminate the-
ory. On the emergence of cracks in the 90 laminae, a difference can
be found in between. The inner uncracked lamina (dotted) takes a
slightly higher share than the outer one (solid) around the crack
tip. This agrees with the consideration that the outer lamina allows
a deformation mechanism for the material to move inwards to-
wards the cracked lamina, which eases the stress concentration
there to an extent, while the inner lamina lacks such mechanism
due to the symmetry of the laminate. Away from crack tip, the trend
reverses. This is the consequence of compatibility requirement so
that overall stretching in both laminae remains the same. Between
these two curves in Fig. 7 is a curve (dashed) for the same stress but
in the cracked lamina and converted as follows:
r2  rð2Þpresentxx
r1
 100% ð63Þ
The expression (the difference in the numerator and the normalisa-
tion with respect to r1) is so introduced that it can be plotted on the
same side of the abscissa axis as the other two curves for direct
comparison. Equilibrium requires that this value be the average of
the other two, i.e. stress in the 90 lamina redistributes to the 0
laminae after cracking, which has obviously been satisﬁed correctly
as a check on the results.
One can apply the analysis to more cases but it will not be
pursued here in this paper. However, with the example given
above, it is sufﬁcient to demonstrate that the restriction present
in Hashin’s analysis has been removed successfully by supple-
menting natural boundary conditions. When the achievement
as presented in this paper is assisted with the generalised strain
idealisation to embrace all possible variety of laminate layups
and loading conditions, the methodology of ﬁnite strips to en-
hance the accuracy of the analysis in a controllable manner
and the power of mathematical software, such as Matlab, a sig-
niﬁcant progress will be made in the development of damage
mechanics for laminated composites. These will be demonstrated
in subsequent publications.6. Conclusions
The variational approach based cracked laminate analysis has
been revisited where use has been made of the minimum total
complementary potential energy principle for the derivation of
governing ordinary differential equations in order to form a
mathematical boundary value problem. The applicability of the
approach as originally proposed by Hashin (1985) and other
existing relevant developments based on this have been ap-
praised. The obstacle in the application of Hashin’s analysis
(1985) to more general problems has been identiﬁed, which is
responsible for the lack of progress in this respect. The limiting
factor on possible extensions is the lack of boundary conditions
from the physical problem. This difﬁculty can be overcome by
incorporating natural boundary conditions available from the
variational calculus, which are mathematically sound but not
physically apparent and hence cannot be obtained simply from
physical construction of the problem intuitively. Such natural
boundary conditions have been derived in general terms in this
paper. As a result, the applicability of the approach has been ex-
tended fundamentally. An application has been made to a prob-
lem to demonstrate the use of such natural boundary conditions,
without which the problem could not be dealt with in the
framework of Hashin’s (1985) original approach. The extension
achieved in this paper has opened a gate to general applications
of the variational approach.
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C0011 ¼ Sð1Þ11 þ
z1  z0
z3  z2 S
ð3Þ
11
 
ðz1  z0Þr21 C1111 ¼
1
3
Sð1Þ55 ðz1  z0Þ þ Sð2Þ55 ðz2  z1Þ þ
1
3
Sð3Þ55 ðz3  z2Þ
 
ðz1  z0Þ2r21
C0211 ¼ 
1
3
Sð1Þ13 ðz1  z0Þ 
1
3
Sð3Þ13 ðz3  z2 þ 3ðz1 þ z0Þ  3ðz3 þ z2ÞÞ
 
ðz1  z0Þ2r21
C2211 ¼
1
20 S
ð1Þ
33 ðz1  z0Þ3 þ Sð2Þ33 13 z32  z31
 þ 14 ðz1 þ z0Þ2ðz2  z1Þ  12 ðz1 þ z0Þ z22  z21  	
þSð3Þ33
1
20ðz3z2Þ2
z53  z52
  z3
2ðz3z2Þ2
z43  z42
 þ 2z23þz22þðz1þz0Þðz3z2Þð Þ
6ðz3z2Þ2
z33  z32
 
 z3 ðz1þz0Þðz3z2Þþz
2
2ð Þ
2ðz3z2Þ2
z23  z22
 þ ðz1þz0Þðz3z2Þþz22ð Þ24ðz3z2Þ
0B@
1CA
0BBBBB@
1CCCCCAðz1  z0Þ2r21
C0022 ¼ Sð2Þ11 þ
z2  z1
z3  z2 S
ð3Þ
11
 
ðz2  z1Þr22 C1122 ¼
1
3
Sð2Þ55 ðz2  z1Þ þ Sð3Þ55 ðz3  z2Þ
 	
ðz2  z1Þ2r22
C0222 ¼ 
1
3
Sð2Þ13 ðz2  z1Þ þ Sð3Þ13 ðz3  z2 þ 3ðz2 þ z1Þ  3ðz3 þ z2ÞÞ
 	
ðz2  z1Þ2r22
C2222 ¼
Sð2Þ33
1
20 z
5
2  z51
  14 z1 z42  z41 þ 12 z21 z32  z31  12 z31 z22  z21 þ 14 z41ðz2  z1Þ 
þSð3Þ33
1
20ðz3z2Þ2
z53  z52
 þ 1
6ðz3z2Þ2
2z23 þ z22 þ ðz2 þ z1Þðz3  z2Þ
 
z33  z32
 
 z3
2ðz3z2Þ2
z43  z42
  z3 ðz2þz1Þðz3z2Þþz22ð Þ
2ðz3z2Þ2
z23  z22
 þ ðz2þz1Þðz3z2Þþz22ð Þ24ðz3z2Þ
0B@
1CAðz2  z1Þ2
0BBBB@
1CCCCAr22
C0012 ¼ 2Sð3Þ11
1
z3  z2 ðz1  z0Þðz2  z1Þr1r2 C
11
12 ¼ Sð2Þ55 ðz2  z1Þ þ
2
3
Sð3Þ55 ðz3  z2Þ
 
ðz1  z0Þðz2  z1Þr1r2
C0212 ¼ 
1
3
Sð3Þ13 ðz3  z2 þ 3ðz2 þ z1Þ  3ðz3 þ z2ÞÞðz1  z0Þðz2  z1Þr1r2
C2012 ¼ Sð2Þ13 ðz2  z0Þ 
1
3
Sð3Þ13 ðz3  z2 þ 3ðz1 þ z0Þ  3ðz3 þ z2ÞÞ
 
ðz2  z1Þðz1  z0Þr1r2
C2212 ¼
Sð2Þ33
1
2 z
2
1ðz2  z0Þ þ 12 z1ðz1 þ z0Þðz2 þ z1Þ þ 14 ðz2 þ z1Þ z22 þ z21
  16 ð5z1 þ z0Þ z22 þ z2z1 þ z21  
þSð3Þ33
1
10ðz3z2Þ2
z53  z52
  z3ðz3z2Þ2 z43  z42 þ 4z23þ2z22þðz2þz1Þðz3z2Þþðz1þz0Þðz3z2Þð Þ6ðz3z2Þ2 z33  z32 
 z3 ðz1þz0Þðz3z2Þþðz2þz1Þðz3z2Þþ2z
2
2ð Þ
2ðz3z2Þ2
z23  z22
 þ ðz1þz0Þðz3z2Þþz22ð Þ ðz2þz1Þðz3z2Þþz22ð Þ4ðz3z2Þ
0B@
1CA
0BBBB@
1CCCCAðz1  z0Þðz2  z1Þr1r2
H6 ¼ h6D H4 ¼
h4
D
H2 ¼ h2D H0 ¼
h0
D
h6 ¼ C2212 C2222 C0212 þ C2012  C1112
 	
 C2212 2C0222  C1122
 	 	
C2211C
22
22  C2212
 	2 
h4 ¼ 
C2211C
22
22  C2212
 	2 
C2222 C
02
12 þ C2012  C1112
 	2
 C2212 C0212 þ C2012  C1112
 	
2C0222  C1122
 	
 C2212 C0012C2222  C2212C0022
 	 
 C2222 C0212 þ C2012  C1112
 	
 C2212 2C0222  C1122
 	 	
C2211C
22
22 þ C2212
 	2 
C0212 þ C2012  C1112
 	
 C2211C2212 2C0222  C1122
 	
 C2212C2222 2C0211  C1111
 	 
0BB@
1CCA
h2 ¼ 
C2222 2C
02
11  C1111
 	
 C2212 C0212 þ C2012  C1112
 	 	
C2222 C
02
12 þ C2012  C1112
 	2
 C2212 C0212 þ C2012  C1112
 	
2C0222  C1122
 	
 C2212 C0012C2222  C2212C0022
 	 
 C2222 C0212 þ C2012  C1112
 	
 C2212 2C0222  C1122
 	 	
C2222 C
02
12 þ C2012  C1112
 	
2C0211  C1111
 	
 C2212 2C0222  C1122
 	2
 C2212 C2222C0011  C2212C0012
 	 
0BBB@
1CCCA
h0 ¼  C2222C0011  C2212C0012
 	
C2222 C
02
12 þ C2012  C1112
 	2
 C2212 C0212 þ C2012  C1112
 	
2C0222  C1122
 	
 C2212 C0012C2222  C2212C0022
 	 
þ C0011 C2222 C0212 þ C2012  C1112
 	
 C2212 2C0222  C1122
 	2 
D ¼ C0012C2222  C2212C0022
 	
C2222 C
02
12 þ C2012  C1112
 	2
 C2212 C0212 þ C2012  C1112
 	
2C0222  C1122
 	
 C2212 C0012C2222  C2212C0022
 	 
 C0012 C2222 C0212 þ C2012  C1112
 	
 C2212 2C0222  C1122
 	 	2
:
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